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Quantum signal processing and polynomial
transformations

Understand how a sequence of signal operations and phases implements a bounded
polynomial response.

Research 21 minlesson  Dr. Charith Jayasekara

By the end, you'll be able to

» Evaluate a Chebyshev response at reference inputs.
e Explain why polynomial boundedness and transition gaps matter.
» Separate signal-query degree from total circuit cost.

Turn a sequence of rotations into a useful function

Quantum signal processing, or QSP, builds a controlled response to an unknown signal parameter using a sequence of
carefully chosen single-qubit phases and repeated signal operations. Think of an audio filter: the response should pass
some frequencies and suppress others. The quantum analogue designs a polynomial response to a parameter encoded
in a unitary. The analogy concerns selective response, not ordinary sound waves inside a qubit.

The technique is powerful because the desired function and the circuit are designed together. A sequence of phase
angles determines which polynomial can appear in selected matrix entries. Conversely, for an admissible polynomial,
synthesis methods find suitable phases. This is a structured compilation problem, not permission to apply any arbitrary
nonlinear function to unknown amplitudes.

Review phase gates, matrix gates and phase kickback. A polynomial is simply a sum of powers, such as a constant plus
a coefficient times x plus another coefficient times x squared.
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WORKED DIAGRAM - AA04

A degree-three signal response
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X =1/2 — response

1 x=1— response 1

Ts(x) = 4x3 - 3x > X= 0 — response 0 >

T,(cos B) = cos(36). The response at x = 1/2 is -1, an amplitude sign rather than a negative probability. Actual phase synthesis must use

a stated QSP convention.

State the signal model

Assume a repeatable unitary encodes a real signal x in a specified way, often related to a rotation whose cosine is x. We
can interleave this signal operation with chosen phase rotations. The output is a unitary whose selected block or
measurement response approximates a target function over a stated interval. The degree, approximation error and
admissibility conditions determine the number of signal uses.

Not every polynomial fits every QSP convention. Boundedness on the signal domain, degree parity and complementary-
unitarity conditions constrain possible responses. Different formulations place the polynomial in different matrix entries
or use different signal and phase conventions. A worked circuit must state which convention it uses before listing

phases.

Worked example: a concrete reflection polynomial

The Chebyshev polynomial of degree three is
Ty(z) = 42® — 3a.

It obeys the identity T_3 of cosine theta equals cosine of three theta. At x equal to one, its value is one. At x equal to one
half, its value is negative one. At x equal to zero, its value is zero. Although it changes sign, its magnitude stays within
one across the interval from negative one to one. That bounded response is compatible with being part of a unitary
construction.

The trigonometric identity explains the connection to repeated rotations. Repeating a suitable signal rotation multiplies
its angle, producing a higher-degree polynomial in its cosine. Interleaved phases make the response far more flexible
than simply repeating one rotation. The polynomial viewpoint lets us choose a response that approximates a useful
filter rather than accepting whichever oscillation repetition happens to produce.

This example does not give a complete phase sequence for every QSP convention. Its purpose is to show why
polynomials and unitary responses belong together. A numerical implementation must verify its chosen phases against
the exact signal matrix and test the response across the full domain, including endpoints.
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The cubic response follows directly from tripling a rotation angle.
T3(cos @) = cos(36), T3(1) =1, T3(1/2)=-1, T3(0)=0, T3(z)| <1 (-1<z<1).

T3(ac) = 42° — 3z isthe existing cubic polynomial. Its bounded, odd response is a useful signal-processing example;
an implementation still needs a phase sequence consistent with its stated signal convention.

Design a filter step by step

First identify the signal variable, its allowed range and the observable or block that will carry the response. Choose a
target function, such as a smooth approximation to a sign function away from zero. Allocate a transition region where
exact discrimination is not required. Approximate the function by an admissible bounded polynomial, synthesise the
phases, then verify the resulting unitary and approximation error numerically.

The transition region is important. A discontinuous step cannot be approximated uniformly to arbitrarily small error by a
finite continuous polynomial across the jump. A promised spectral gap allows the algorithm to ignore a neighbourhood
around the discontinuity. Narrower gaps or tighter errors generally require higher degree and therefore more coherent
signal calls.

Low and Chuang developed the QSP approach to optimal Hamiltonian simulation, linking polynomial response design
with quantum circuit construction. Their result is a foundational algorithmic method rather than a claim that every
polynomial transform is cheap on an arbitrary device. Read the QSP Hamiltonian-simulation paper.

Connect QSP with matrix algorithms

When a larger unitary block-encodes a matrix, related alternating sequences can transform its singular values. That
broader framework is quantum singular value transformation. QSP supplies the single-parameter polynomial machinery;
block encoding supplies a way to expose a matrix’s spectral information to that machinery. The input-access and block-
encoding costs remain part of the algorithm.

This connection underlies Hamiltonian simulation, inverse-like filters and amplitude-processing routines. The same
general design pipeline appears repeatedly: encode a quantity into a unitary, approximate a target response, implement
the polynomial and extract a useful result. The difficult work often lies in constructing the encoding and ensuring that

the desired output can be measured economically.

Resource questions to ask

Count the polynomial degree, the cost of each signal operation, ancillas, phase-synthesis precision and the final success
probability. A low-degree response can still be expensive if the signal unitary requires a large reversible subroutine.
Finite phase precision and gate errors add to the approximation budget. A fault-tolerant implementation may need many
elementary gates to approximate each rotation.

Do not mistake an amplitude filter for a classical calculator that prints the target function at every input. The circuit
transforms a quantum state or a selected block. Measurement still returns limited classical information. If the
application requires a complete transformed vector, output extraction can remove the apparent advantage.

Practice with answers

Exercise 1. Evaluate T_3 at zero, one half and one. Does the negative result at one half mean a negative probability?
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v Check the worked answer

The values are zero, negative one and one. The polynomial response can be an amplitude or matrix entry, so a
negative sign is a phase. A measured probability comes from the squared magnitude in the complete circuit.

Exercise 2. Why does a narrow spectral transition band tend to increase circuit cost?

v Check the worked answer

The polynomial must vary more sharply while remaining bounded and accurate on the promised regions. This
typically requires higher degree, and degree corresponds to more signal-unitary uses. Exact trade-offs depend

on the target function and approximation theorem.

Check your understanding

PAUSE & THINK

What does T;(1/2) equal?
0 -1
o

1 172

Answer: -1. Four times one eighth minus three halves is -1. Polynomial responses can be signed amplitudes within

a unitary construction.

Sources

e Read the QSP Hamiltonian-simulation paper
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