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Quantum singular value transformation
applications

Apply singular-value response design to inversion, filtering and regularisation with explicit
access costs.

Research 21 minlesson  Dr. Charith Jayasekara

By the end, you'll be able to

e Trace a scaled inverse on a diagonal matrix.
o Calculate selection and output probabilities.
« |dentify conditioning and output-extraction limits.

One matrix tool, several different tasks

Quantum singular value transformation, or QSVT, is a framework for applying polynomial responses to singular values
exposed by a block encoding. A singular value measures how strongly a matrix stretches a corresponding direction.
Unlike eigenvalues, singular values are nonnegative and work for rectangular or non-Hermitian matrices too. This makes

them useful for inverse-like operations, filtering and low-rank approximation.

The framework does not remove the need to formulate an application carefully. A matrix inverse, a projector and a time-
evolution operator have different target functions and resource parameters. Calling all of them “one QSVT call” hides
polynomial degree, block-encoding cost, success probability and output measurements. The benefit is a shared design
language, not a universal constant-time solver.

Review matrix operations, tensor products and query costs. For a first pass, picture a diagonal matrix, where the
singular directions are simply the coordinate axes and the singular values are the absolute diagonal entries.

Quantum Computing - Dr. Charith Jayasekara - quantumcompbook.web.app 1


https://quantumcompbook.web.app/library/
https://quantumcompbook.web.app/foundations/f04-vectors-matrices-and-linear-algebra/
https://quantumcompbook.web.app/foundations/f12-multiple-qubits-and-tensor-products/
https://quantumcompbook.web.app/foundations/f24-quantum-queries-and-oracles/

WORKED DIAGRAM - AAO6

A bounded inverse response

STEP 1 STEP 2 STEP 3 STEP 4

A =diag(1, 1/2) > Input: (1,1)/v2 > Response: (1/2, 1) > Output: (1,2)/V5

The scaled inverse f(x)=1/(2x) gives selection probability 5/8 and normalised probabilities 1/5 and 4/5. The output is a state proportional

to a solution, not a printed vector.

Begin with a block encoding

A block encoding places A divided by a known scale alpha inside a larger unitary. Ancillas distinguish the selected block
from the rest of the unitary. The scale ensures the block is a contraction. A QSVT sequence uses the encoding, its
inverse and phase operations to produce an admissible polynomial response to the scaled singular values.

The output remains part of a unitary process. Selecting a block can require an ancilla condition. The transformed vector
may be unnormalised, and its norm determines a success probability. If the final application needs a classical
observable, plan the measurement and repetitions. If it needs every vector entry, include the potentially large readout
cost.

Worked example: a scaled inverse

Let A be diagonal with entries one and one half, and let the input vector be the equal superposition. The exact inverse
weights the second component twice as strongly. An admissible bounded inverse-like response on the promised
spectral interval is one half divided by x. On the two singular values, its values are one half and one.

The selected unnormalised output has amplitudes one over twice square root of two and one over square root of two.
Its squared norm is five eighths. After conditioning and normalisation, the output amplitudes are one over square root of
five and two over square root of five. The probabilities are one fifth and four fifths. This is the state proportional to the
classical solution vector, not a printed pair of solution entries.

The example also shows why scaling matters. The function one divided by x would reach two at x equal to one half,
exceeding the magnitude allowed for a selected contraction block. Multiplying by a common scale makes the operation
physically embeddable, while introducing a success cost. A polynomial must approximate the scaled function over the

promised interval, not only at the two example points.

The bounded inverse response has a visible scaling and success cost.
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o denotes a singular value in the promised interval. Normalising gives (|0) 4+ 2|1))/+/5. A QSVT implementation uses
an admissible polynomial approximating the scaled reciprocal on that interval; the formula is its target response.

Three application patterns

An inverse filter approximates a reciprocal on singular values bounded away from zero. Its difficulty grows as the
smallest relevant singular value shrinks. A threshold filter retains directions above a chosen scale, using a transition
region rather than an impossible exact discontinuity. A bounded smooth response can damp noisy small directions
instead of amplifying them, giving a regularised alternative to an exact inverse.

These choices represent different mathematical tasks. In a noisy data problem, aggressively inverting tiny singular
values may amplify measurement or modelling errors. A regularised filter can be more useful scientifically even if the
exact inverse is the more familiar algebraic expression. Decide what error metric and downstream quantity the
application actually needs.

Gilyén and colleagues develop the QSVT framework and explain its connection to several matrix-algorithm primitives.
Their theorems include polynomial admissibility and query assumptions that must accompany any application claim.
Read the framework paper. The examples here are small algebraic illustrations, not a claim of practical advantage for

two-by-two matrices.

Follow the design pipeline

Write down the matrix and its access model. Bound the scaled singular-value range and identify any gap or condition-
number promise. Choose a target response and a normalisation scale. Construct an admissible polynomial with a
stated approximation error, synthesise its phase sequence and verify the response numerically. Finally assess ancilla

success, amplification and the cost of estimating the requested output.

Error budgeting should include the original matrix approximation, block-encoding error, polynomial approximation, phase
synthesis and measurements. A tiny polynomial error does not compensate for inaccurate input data. Likewise, a short
ideal phase sequence may require many fault-tolerant elementary gates when its rotations need high precision.

Know what the framework cannot promise

If loading the matrix requires reading all its entries, that preparation cost can dominate. If the condition number grows
rapidly with problem size, inverse-like filters become expensive. If the output is a huge classical vector, measurement
can dominate. These are application parameters rather than implementation nuisances to be ignored after presenting a
logarithmic dimension factor.

QSVT also has parity and boundedness constraints. An arbitrary function cannot simply be substituted into a circuit.
Some transformations need separate treatment of even and odd parts or additional constructions. A correct
implementation should state the convention and test its unitary response over the entire promised domain.

Practice with answers

Exercise 1. Why does the output state not reveal the original solution’s overall norm?
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v Check the worked answer

Quantum states are normalised, so a common scale is removed from their amplitude description. Norm
information may require a separate success-probability or norm-estimation procedure. Measuring basis
frequencies alone reveals squared relative magnitudes, not every signed solution entry or its overall scale.

Exercise 2. What changes if the smaller singular value becomes one thousandth?

v Check the worked answer

A reciprocal response must resolve a much wider dynamic range and be scaled to stay bounded. The condition
number and often the selection or amplification cost increase. The matrix dimension may be unchanged while

the algorithm becomes substantially harder.

Check your understanding

PAUSE & THINK

What are the normalised output probabilities in the worked inverse example?
[ 1/2and 1/2
[] 1/5and 4/5
[] 1/4and3/4

Answer: 1/5 and 4/5. The output amplitudes are 1/v5 and 2/v5. Their squared magnitudes are 1/5 and 4/5.

Sources

e Read the framework paper
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