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Quantum principal components and spectral
methods

Find principal directions while distinguishing classical covariance data from quantum state

access.

Research 21 min lesson Dr. Charith Jayasekara

By the end, you’ll be able to

Diagonalise a two-dimensional covariance example.

Explain quantum-form versus classical-form spectral outputs.

Identify centring, gap and data-preparation assumptions.

Find important directions rather than important coordinates

Principal component analysis, or PCA, looks for directions of large variation in data. A long, tilted cloud of points may

have no particularly interesting coordinate axis, but most of its variation lies along one diagonal direction. Classical PCA

studies the eigenvectors and eigenvalues of a covariance matrix. Quantum spectral methods ask whether related

information can be accessed efficiently when the matrix or state is already available in a suitable quantum form.

The input format matters. An unknown density matrix supplied as many physical copies is different from a classical

spreadsheet whose covariance matrix must first be constructed and loaded. A claim for one access model cannot be

transferred to the other without accounting for that conversion. The requested output also matters: preparing an

eigenvector state is different from printing all its entries.

Review linear algebra, tensor products and measurement evidence. Think of a density matrix here as a positive matrix

with trace one, whose eigenvalues form a probability distribution.
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Two principal directions

STEP 1

C: diagonal 2.5;

off-diagonal 1.5

STEP 2

|+⟩ eigenvalue 4

STEP 3

|−⟩ eigenvalue 1

STEP 4

Normalised weights:

0.8, 0.2

The plus direction carries four fifths of the trace-normalised variance, and minus carries one fifth. A quantum eigenvector state is

different from a printed table of component loadings.

State a spectral task precisely

One task is to sample eigenvalue–eigenvector pairs according to their weight in a density matrix. Another is to project

an input onto a leading eigenspace. Another is to estimate the largest eigenvalue. They have different outputs, precision

requirements and access assumptions. A complete algorithm states which task it solves and how close eigenvalues

may be.

For ordinary data PCA, centring the data is part of the definition. An uncentred second-moment matrix is not the same

covariance matrix. Low rank, spectral gaps and efficient state preparation are substantive assumptions. If the leading

eigenvalues are nearly equal, individual principal directions can be unstable, even though their combined subspace

remains meaningful.

Work a two-dimensional example

Consider the covariance matrix with diagonal entries 2.5 and off-diagonal entries 1.5. Its two eigenvectors are plus and

minus, with eigenvalues four and one. Normalising by the trace gives a density-like matrix with eigenvalues four fifths

and one fifth. A spectral sampling process using that normalised matrix encounters the plus direction four times as

often as the minus direction in expectation.

The leading direction is diagonal, not the first coordinate axis. Retaining only that direction gives a rank-one

approximation that captures four fifths of the total variance in this example. A classical two-by-two calculation is trivial;

the example’s purpose is to clarify what “principal” means before discussing large matrices.

If the two eigenvalues instead became almost equal, selecting a single leading direction would require fine spectral

resolution and would be sensitive to small data changes. A thresholded subspace description may be more robust than

claiming a uniquely meaningful eigenvector. Algorithmic precision should reflect the scientific stability of the question.

The principal directions are eigenvectors, rather than coordinate labels.
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 is the toy covariance matrix. Spectral sampling from  gives the leading plus direction with probability , matching

its fraction of total variance.

How copies can supply spectral evolution

Lloyd, Mohseni and Rebentrost proposed using multiple copies of a density matrix to implement an approximate

evolution generated by that matrix, enabling spectral analysis in quantum form. Their quantum PCA proposal depends

on copy access and suitable spectral structure. It does not provide free preparation of those copies from an arbitrary

classical dataset or a free classical printout of eigenvectors. Read the quantum PCA proposal.

Other approaches use block encodings, phase estimation or variational circuits under different assumptions.

Comparing them requires matching the input resource, target output, resolution and error. The label “quantum PCA”

describes a family of spectral tasks rather than one universally applicable procedure with a single runtime.

Follow a spectral-analysis workflow

First identify whether the input is classical data, a prepared quantum state or coherent matrix access. Define the matrix,

including centring and normalisation. State whether you need eigenvalue samples, a projected state, an observable or

explicit vectors. Choose a spectral primitive, allocate resolution and error, and account for the number of copies or

oracle calls. Finally compare against a classical method solving the same output task.

If a quantum eigenspace state is the output, specify the measurement that uses it. For example, estimating whether

another state overlaps the leading subspace may need fewer classical outputs than reconstructing the full basis. If the

application demands a visual plot of every principal-component loading, tomography or other classical reconstruction

costs must be included.

Interpret the evidence carefully

A small proof-of-concept circuit can validate a preparation and readout mechanism. It does not establish a large-data

advantage. A benchmark must include data preparation, copy production, precision, repeated measurements and a

credible classical baseline. Low-rank classical approximation, randomised linear algebra and sample-access algorithms

can be strong competitors under favourable data assumptions.

There is also a statistical issue before quantum computation begins. A covariance matrix estimated from finite data has

uncertainty. A highly precise quantum spectral subroutine cannot recover population structure that the dataset does not

determine. Distinguish sampling error in the original data from measurement error in the quantum stage.

Practice with answers

Exercise 1. Apply the example covariance matrix to the plus and minus vectors. What are the scaling factors?

Check the worked answer

The plus vector is scaled by four because each row sums to four. The minus vector is scaled by one because the

diagonal–off-diagonal difference is one. These are the principal variances along the two orthogonal directions.

Exercise 2. Why is an efficient eigenvector-state preparation not automatically an efficient printed PCA report?

C ρ 4/5
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Check the worked answer

A state encodes amplitudes, while a report may require every coordinate and its uncertainty. Extracting all

coordinates can require many preparations and measurements. Include that readout cost and compare classical

algorithms producing the same report.

Check your understanding

PAUSE & THINK

Which direction is the leading eigenvector of the worked covariance matrix?

|0⟩

|+⟩

|−⟩

Answer: |+⟩. Each row sums to 4, so plus is an eigenvector with eigenvalue 4. Minus has eigenvalue 1.

Sources

Read the quantum PCA proposal
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