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Hamiltonian simulation algorithms beyond product
formulas

Compare product formulas, series methods and qubitization using an exactly solvable
Hamiltonian.

Research 21 minlesson  Dr. Charith Jayasekara

By the end, you'll be able to

 Derive an exponential using (X+Z)2=2l.
» Verify a simulated phase-sensitive output.
» Separate query optimality from oracle implementation cost.

Approximate evolution without only multiplying short time steps

Hamiltonian simulation implements a unitary close to the evolution generated by a specified Hamiltonian for a chosen
time. Product formulas approximate that evolution by alternating evolutions of simpler terms. Other methods use series
expansions, linear combinations of unitaries, block encodings and polynomial signal processing. They offer different
accuracy and resource trade-offs.

The goal is an operator approximation or a state-evolution task under a defined norm and error tolerance. It is not
automatically a prediction of every observable at every time. State preparation and final measurements remain. A
mathematically accurate evolution can be scientifically unhelpful if the initial state or Hamiltonian model is wrong.

Review gates and matrices, phase and resource costs. For a first pass, use a one-qubit Hamiltonian whose exact
exponential can be calculated independently.
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An exact target for advanced simulation
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At the selected time, the output is plus up to global phase. Its Z probabilities are equal, so a final H check is needed to distinguish it from

other equatorial states.

Work an exact noncommuting example

Take H equal to X plus Z. X and Z do not commute, but their cross terms cancel in H squared, leaving twice the identity.
Therefore

X+ Z
7

At time pi divided by twice square root of two, the cosine vanishes and the sine is one. Acting on zero gives negative i

et — cos(v/2t)I — isin(V/2t)

times plus. The final Z probabilities are equal, and the physical state is plus up to a common phase. This provides an
exact target for testing any approximate simulator.

A single first-order product step generally differs because it treats the terms sequentially rather than simultaneously.
More steps reduce that approximation error in the appropriate limit, but increase the number of elementary operations.
A different simulation family may achieve better precision scaling by approximating the full exponential response more
directly.

Use the exact solvable time as a state-level target for every approximate method.

o
0) =~ 4.

At this time the cosine in the existing exact unitary vanishes. The two Z probabilities are equal, while an X measurement

T .
t* — e ’L(X+Z)t*

returns plus with certainty. Checking the latter can expose an approximate circuit that only matches the populations.

Truncated-series methods

Expand the exponential into a Taylor series and keep enough terms that the omitted tail is small. Powers of a sum of
simple unitaries can be represented as linear combinations of products. An ancilla prepares the coefficients, a
controlled selection applies the corresponding product and an uncomputation exposes the desired block. Amplification
or related constructions handle the selection amplitude.
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Berry and colleagues develop Hamiltonian simulation using a truncated Taylor series and show improved dependence
on precision under stated access assumptions. The algorithm'’s cost includes preparation and selection oracles, not just
the number of written series terms. Read the truncated-series paper.

For the toy H, truncating after the linear term gives the identity minus i times t H, which is not exactly unitary. A valid
quantum algorithm cannot simply apply that nonunitary matrix deterministically and ignore the rest. The larger unitary
embedding and error analysis are essential parts of the method.

Qubitization and signal processing

Qubitization exposes each scaled Hamiltonian eigenvalue through an invariant two-dimensional rotation structure.
Signal-processing sequences then approximate the desired exponential phase response. The approach separates the
Hamiltonian access construction from the polynomial approximation. A favourable query count depends on the scale of
the encoding, evolution time and requested error.

Low and Chuang develop qubitization as a Hamiltonian-simulation framework with strong query guarantees for the
supplied unitary-access model. Its small additional-ancilla statements do not include every register needed to construct
a complicated Hamiltonian oracle. Read the qubitization paper.

The practical question is how expensive each encoding call is. For a sum of many Pauli terms, selecting and weighting
terms can dominate. For a sparse matrix, locating nonzero entries and computing their values is part of access. An
optimal query theorem does not make those input operations constant-cost hardware gates.

Follow a method-selection workflow

Specify H, its representation, the input state, time and error norm. Establish an exact or independently computed small-
instance reference. Estimate product-formula, series and block-encoding costs under the same assumptions. Include
state preparation, ancillas, controlled access, precision and final observable estimation. Choose the method that fits the
full problem rather than the most impressive asymptotic expression alone.

Product formulas can remain competitive for structured Hamiltonians and moderate accuracy, especially when
commutators are small or locality can be exploited. More sophisticated algorithms can have stronger asymptotic
precision dependence but larger constants or more complicated oracles. There is no reason to expect one method to

dominate every parameter regime.

Time dependence and pictures

If H changes with time, the order of infinitesimal evolutions matters. A time-ordered evolution generally cannot be
replaced by the exponential of a simple average without conditions. Interaction-picture methods can separate an easily
simulated part from a smaller perturbation, but require additional access and analysis. State whether the Hamiltonian is

constant before applying a constant-H theorem.

Long simulation time is also a resource. A highly oscillatory response may need many oracle calls or phases. Precision
parameters should reflect the desired observable: sometimes a full operator-norm approximation is stronger than
necessary, while in other tasks small phase errors accumulate critically. Match the mathematical guarantee to the
application.
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Verify errors at several levels

Check the encoding, unitarity of the implemented circuit, agreement with exact small examples and convergence as
tolerances tighten. Separate numerical approximation from finite-shot uncertainty and hardware error. A histogram
agreeing in one basis may hide a phase error that appears after another operation, so include amplitude-sensitive or
multi-basis checks where possible.

For the toy model, checking only equal final Z probabilities is insufficient to establish the exact plus output: other
equatorial states share that histogram. A final H readout should return zero for plus. This connects advanced simulation
verification to the same phase-sensitive testing habit used in the foundations.

Practice with answers

Exercise 1. Why does H squared equal twice the identity for H equal to X plus Z?

v Check the worked answer

X squared and Z squared each equal the identity, while XZ plus ZX is zero because the Pauli matrices
anticommute. The sum is therefore twice the identity.

Exercise 2. Does an optimal number of block-encoding queries prove an optimal gate count for an application?

v Check the worked answer

No. Each query may require expensive state preparation, term selection, arithmetic and workspace. The gate
count multiplies the number of calls by their implementation cost and includes the surrounding circuit and
readout.

Check your understanding

PAUSE & THINK

Why does (X+Z)? equal 2I1?
[] XandZcommute
[ X2=Z2=| and XZ+ZX=0

[ X+Zis the identity

Answer: X2=72=| and XZ+ZX=0. The Pauli cross terms cancel by anticommutation, leaving I+l. This makes the exact
exponential easy to calculate independently.
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Sources
e Read the truncated-series paper

¢ Read the qubitization paper
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